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1. Introduction
A coupled-mode formulation for characteristic impedances of coupled microstrip lines on a mag-

netized ferrite substrate is presented. The formulation is an extension of the coupled-mode theory for
microstrip lines on an isotropic substrate [1].

2. Formulation
We consider coupled microstrip lines on a ferrite substrate magnetized in the x direction as

shown in Fig. 1. The permeability tensor of the ferrite is given as:

[¯̄µ] = µ0


1 0 0
0 µ −iκ
0 iκ µ


 , with µ = 1 − γ2HiMi

ω2 − (γHi)2
and κ =

γMiω

ω2 − (γHi)2
(1)

where Hi is the internal dc magnetic field, Mi is the saturation magnetization, and γ is the gyromag-
netic ratio. The coupled-mode equations for the microstrip lines are derived as follows:

d

dz
a=−i[C]a, with a=[a1 a2]T , [C]=[M ]−1[K], Kνµ =β(0)

ν Mνµ + Qνµ, Mνµ =
1
2
(Nνµ + Nµν) (2)

Nνµ =
1
2

∫
S
[eν(x, y) × hµ(x, y)] · ẑdxdy, Qνµ = − i

4

∫
lµ

[eν,x(x, h1)jµ,x(x) − eν,z(x, h1)jµ,z(x)]dx, (3)

where eν(x, y), hν(x, y) jν(x, y) and β
(0)
ν (ν = 1, 2) are eigenmode functions for the fields, current

and the propagation constant propagating in the +z direction along ν-th lines in isolation, and aν(z)
is an unknown amplitude function. The solutions determine the forward and backward propagation
constants β

(±)
m of the coupled mode m and the modal amplitudes a

(±)
νm of the current on the ν-th

line. The characteristic mode impedance Z
(±)
c,νm of the ν-th line for mode m is defined using the

eigencurrents:

V (±)
νm = Z(±)

c,νmI(±)
νm , I(±)

νm = a(±)
νm e−iβ

(±)
m z

∫ xν+wν

xν−wν

jν,z(x)dx, (ν,m = 1, 2) (4)

where V
(±)
νm represents the eigenvoltage. I

(±)
νm and V

(±)
νm are related to the total power P

(±)
m carried by

mode m in the z direction as follows:
1
2

N∑
ν=1
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νm I

(±)∗
νm′ = P (±)

m δmm′ , P (±)
m =

1
2

∫
S
(E(±)

m × H(±)∗
m ) · ẑdxdy =

N∑
ν=1


 N∑

µ=1

a(±)
νma(±)

µmN (±)
νµ


 (5)

where δmm′ is Kronecker’s delta, E
(±)
m and H

(±)
m are the total electric and magnetic fields for mode

m. Substituting Eqs. (4) into Eq. (5), the expression of Z
(±)
c,νm in terms of the solutions to the coupled-

mode equation (2) is derived.

3. Numerical results
Figure 1 shows the characteristic mode impedances
as functions of frequency, where h1=1.0mm,
w=0.5mm, d=0.5mm, εr=12.7, Hi=102555A/m and
Mi=170925A/m.
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Fig. 1 Characteristic mode impedances
of two identical microstrip lines.


